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Abstract. We report enumeration results for the radius of gyration and caliper size distribu- 
tion of self-avoiding unrooted polygons of up to 28 steps, on the square lattice. The (second 
moment) radius of gyration series is sufficiently smooth to allow verification of the theoreti- 
cal prediction u(rings) = v(wa1ks) to 0.2% accuracy. 
It is generally believed that the size exponent, v, for self-avoiding rings (polygons) is 
identical to that of self-avoiding walks. Indeed, in the n + 0 limit of the n-vector model 
(de Gennes 1972, des Cloizeaux 1975), the energy-energy correlation function will 
describe distribution of vectors connecting all possible pairs of sites on the ring. Thus 
the mean squared radius of gyration of N-step rings, 
(RL)l’Z- N”,  
grows with exponent Y which is identical to that of the walks, end-to-end distance of 
which is distributed according to spin-spin correlation (in the n + 0 limit). 
An alternative argument is based on the renormalisation group ideas. Real space 
renormalisation along a chain involves a local transformation which should not be 
sensitive to the fact that the ends are joined somewhere (see Family (1982) and 
references therein). Obviously, this assertion must be taken with caution. One must 
prove that no significant longer-range interactions are generated along the chain: this 
has been established to first order in the E = 4 - d expansion by Lipkin er a1 (1981) 
and by Prentis (1982). 
Numerical study of the size of self-avoiding rings was done mainly by Monte Carlo 
(MC) methods, for three-dimensional systems: see Baumgartner (1982), Bishop and 
Michels (1985), and earlier work quoted by these authors. We are aware only of d = 3 
series-enumeration studies, by Rapaport (1979, for the FCC lattice and by Wall and 
Hioe (1970) for the diamond lattice. Both the series analyses and most of the MC 
studies found an apparently larger exponent for rings than for walks (in d = 3) with 
the deviation, AV/., of at least 2% (up to 10% in some cases). However, Baumgartner 
(1982) argued that the discrepancy is due to the low quality of the available data. 
We report here study of the size of rings up to 28 bonds, on the square lattice. We 
concentrate on the d = 2 self-avoiding rings (unrooted N-step polygons) for several 
reasons. First, fluctuations are generally stronger in lower dimensions. Thus, there is 
a better chance of seeing deviation from v(walks), if any. Secondly, for d = 2  walks, 
v = 2 is known exactly (Nienhuis 1982). Lastly, we devised an enumeration method 
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which is more efficient than techniques used in earlier direct enumerations (up to 
N = 26) of the number, p N ,  of distinct rings (Sykes et a1 1972, and references therein). 
Recently, Enting and Guttmann (1985) counted rings up to N = 46; however, it is not 
indicated if their technique can be used to measure ring sizes. Note that only rings 
of N = 4, 6, 8, . . . steps exist on the square lattice. 
Our method is applicable only in d = 2 and, briefly, consists of generating all compact 
(no holes) site animals on the dual lattice. In two dimensions, these animals are in 
one-to-one correspondence with the rings on the original lattice. The results for ( R k )  
are reported in table 1. The radius of gyration was calculated according to the site 
content (site coordinates). In table 2 we report the distribution of the number of rings 
according to their caliper size (projection) along a fixed square-lattice axis. Note that 
the bond length was measured, e.g. the 4-step ring 
has length 1, despite the fact that two lattice rows are involved. The enumeration took 
about 160 h of CPU time on the RIDGE computer, of which about 100h can be 
attributed to the calculation of (R:8) .  
The ( R k )  series was analysed by standard ratio-type techniques. The sequence of 
approximants 
YN = ln[(R”)/(R”-*>1/2 ln ( N / N  - 21, 
vN = u +constant x N-’ + o(N- ’ ) .  
(2) 
(3) 
is fitted to the form 
We will not lay out all the details of the analysis but describe the results. One finds 
that the values of 8 near 6 = 2 provide the most stable fit. This value is an apparent 
convergence exponent since asymptotically the leading corrections to scaling decay 
slower provided they are the same as for walks (see an overview by Privman 1984). 
Table 1. Mean-squared radius of gyration, (RL), for N-step polygons. The values listed 
are integers pN(Rk)N2/2,  where p N  is the number of distinct (unrooted) polygons. 
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Table 2. The number of N-step polygons having caliper size (projection) of D bonds along 
a fixed lattice axis. 
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Indeed, a plot of vN against 1/N2, see figure 1, reveals a (very small) oscillation 
superimposed over the monotonic increase, which may be a reflection of an interplay 
of several power-law contributions to vN - v. Although the single-correction term 
assumption is not really correct for N S 28, we cannot do a more sophisticated fit due 
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Figure 1. Plot of the estimates vN defined by relation (2), against 1/N2, for N = 
16, 18,. . . ,28 .  The value of v(wa1ks) = 2 is also marked. 
to the shortness of the series. From figure 1 and our other analyses with varying 8, 
we propose 
v(rings) = 0.750* 0.0015. (4) 
This value is consistent with v(wa1ks) =$ 
From the data of table 2, one can also generate caliper diameter ( D )  moments. 
We studied ( D )  and (D2) .  These quantities provide generally less accurate estimates 
of U due to proliferation of correction terms (see Privman er al 1984). A fit to the 
form ( 3 )  for both moments is most stable when 8 is a few per cent below 8 = 1, and 
extrapolation suggests values clustering around v(rings) = 0.759. If we impose 8 = v 
as suggested by Privman er a1 (1984), for caliper moments, then values near v(rings) = 
0.752 are found. We believe that the deviation of the caliper diameter exponent 
estimates from (4) and v(wa1ks) is due to that the asymptotic behaviour cannot be 
seen in the existing data, similarly to the d = 3 studies described above. 
In summary, we presented the first (to our best knowledge) study of the size 
exponent, v, for self-avoiding rings in two dimensions. We conclude that the theoretical 
expectation v(rings) = v(wa1ks) holds to within 0.2% accuracy, see (4), based on the 
analysis of the radius of gyration series to order N = 28. 
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